We propose the second-order time discretization scheme with the finite-element approximation for the partial integro-differential equations with a weakly singular kernel. The space discretization is based on the finite element method and the time discretization is based on the Crank-Nicolson scheme with a graded mesh. We show the stability of the scheme and obtain the second-order convergence result for the fully discretized scheme.
Introduction
We consider the time discretization method for the following partial integro-differential equation with a weakly singular kernel: 
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where s/ is a linear positive self-adjoint elliptic operator, 3) is a general partial differential operator of second order with smooth and time-independent coefficients and K is a weakly singular kernel satisfying Furthermore, throughout this paper, £2 is a sufficiently smooth domain in W, d > 1 and we assume that / is sufficiently smooth. Problems of this nature arise in several areas, such as the theory of linear viscoelasticity and heat conduction in material with memory; see, for example, [8] .
The numerical method considered in this paper is obtained by discretizing in space by the finite-element method, followed by a finite difference and quadrature scheme for the time discretization. For the numerical solutions we assume that we are given a family {S h } of finite-dimensional subspaces of // 0 
The time-discretization of (1.1) is very interesting because of the nature of "memory effect". The time discretization methods are derived essentially by replacing the derivatives in (1.3) by a difference quotient and using a quadrature rule for the integral terms. The difficulties involved in such time discretization are that all the values of u(t) have to be retained, causing great demands for data storage. To overcome this difficulty, higher-order quadrature formulae or quadrature based on the use of sparser sets of time levels were proposed in literature such as [6, 7] and [9] for partial integrodifferential equations with smooth kernels. In the case of weakly singular kernels, the regularity of the solution with respect to time is limited, which makes higher-order quadrature formulae useless, as well as quadratures based on the use of a sparser set of time levels. In fact, for sufficiently smooth data u 0 and / , there exists a unique solution of (1.1) satisfying the following regularities (see [2] ):
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Formally the solution of (1.1) satisfies In advance, we assume that the solution of (1.1) satisfies II"mil < Rat'" and ||w,,|| 2 < R a t~a for some /?" > 0.
(
Furthermore, it is an easy consequence of (1.4) that
In this paper, we consider the graded mesh for the discretization of (1.3) (see also [1] and [3] ). Given M e N, let 
Our fully discretized scheme based on the Crank-Nicolson scheme is now defined by
The purpose of this paper is to show stability and to obtain error estimates for the scheme (1.8).
Stability and convergence
We show stability and obtain the error estimates for the fully discretized scheme (1.8). The following three lemmas from Kim and Choi [5] are required for our analysis. Also we need the following discrete version of the Gronwall lemma. The following theorem is our conditional stability result for the fully discretized scheme (1.8 Next we derive the error estimate for the fully discretized scheme (1.8). For the analysis, we introduce the "discrete Ritz-Volterra projection" V h defined for an appropriately smooth function u by
A«V h u-u)(t n ), X )=q n (B(V h u-u,x)), V* e S h for n > 0. (2.4)
We have the following two lemmas which state the error estimate for the discrete Ritz-Volterra projection (2.4). 
It is a well-known estimate for R h that In order to obtain the L 2 -estimate for p", we use a duality argument defined by
\\(R h u -«)(r)|| + h\\(R h u -ii)(r)||, < C/i
For each such <f>, we let * be the solution of • -Chang Ho Kim and U Jin Choi [8] Then, for x € 5 A , we have from ( Applying Lemma 4 again, summing from n = itoN and using the inequality (2.7) and Lemma 1, we obtain that We also need the following error estimate for our quadrature scheme (1.7). 
PROOF. Refer to Kim and Choi [5] .
Finally, we obtain the second-order convergence result for the fully discretized scheme (1.8). where we denote /" and 7 2 as follows:
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0334270000010596
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With the same argument as that used in Theorem 1 and taking </ > = 6" in (2.8), we have 1
x(li0"ir- use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0334270000010596
